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ABSTRACT 
Let 
and 
F(x)=ki(;)A,r’. A,#O, 
be polynomials with real zeros satisfying An ~ 1 = B, ~ I = 0, and let 
Using the recently proved validity of the van der Waerden conjecture on permanents, 
some results on the real zeros of H(x) are obtained. These results are related to 
classical results on composite polynomials. 
1. INTRODUCTION 
Let 8, be the set of all n X n doubly stochastic matrices, and let J,, be the 
n X n matrix all of whose entries are equal to l/n. The permanent p(A) of 
the n X n matrix A = (aii) is defined by 
PtA) = C fr aiO(i)T 
oES, i=l 
where S, is the symmetric group of degree n. 
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In 1926 [lo] van der Waerden conjectured that if AE Q2,, then 
p(A)ap(l,,)=$ 
with equality if and only if A = J,. In 1959 Marcus and Newman published 
their important paper [7] and thus initiated extensive activity in connection 
with the conjecture. In spite of many efforts since then, the conjecture was 
proved only recently by Yegorychev [ 111. He applied a special case of an 
inequality of Alexandroff [l] on mixed discriminants, which he interpreted as 
an inequality on permanents, to known results [5, 71 on the conjecture and so 
succeeded in proving the long-standing conjecture. 
In [S] the permanent of a doubly stochastic matrix of rank two was 
connected to a pair of polynomials, and the van der Waerden conjecture for 
doubly stochastic matrices of rank two was formulated as an equivalent 
conjecture on polynomials. Now, as the conjecture is settled for general 
doubly stochastic matrices, and thus it holds in particular for doubly stochas- 
tic matrices of rank two, the equivalent conjecture on polynomials holds too. 
In the present paper we apply this result. First we state the former 
conjecture on polynomials as a theorem (Theorem 1). Then we apply it to 
obtain results on the real zeros of a polynomial defined by composition of two 
polynomials satisfying given conditions (Theorems 2 and 3). We also discuss 
the relation of our results to classical theorems on composite polynomials [8, 
Chapter IV]. 
2. RESULTS 
As noted above, the validity of the van der Waerden conjecture implies, in 
particular, the validity of the conjecture [6, p. 2391 on polynomials. We start 
by stating this result as a theorem. 
THEOREM 1. Let 
g(x) = ,$, (; ) bkXk 
(1) 
(2) 
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a, = 1, b,=1, (3) 
a,_,=O, b,=O. (4) 
Let all the zeros of f(x) be real and belong to the interval [a, b]; let all the 
zeros of g( x) be real and belong to the complement of (a, b), and set 
Then 
(f(4~g(x)) = i (-$( ;)a,,-,h,. 
k=O 
(fW, g(4) 21. (5) 
Equality holds in (5) if and only if f(x) = X” or g(x) s 1. 
Let f(x) and g(x) be defined by (1) and (2) and satisfy all the conditions 
of Theorem 1, except possibly (4). By Grace’s theorem [4; 8, Theorem 15.31, 
using the normalization (3) and a continuity argument, we have 
(f(x>, g(x)) 20. (6) 
Comparing (5) and (6), it follows that if f(x) and g(x) satisfy the additional 
condition (4), then the bound 0 in (6) can be improved to 1. 
We shall now apply Theorem 1 to get some information on the real zeros 
of a polynomial which is defined by composition of two given polynomials 
with real zeros. 
THEOREM 2. Let 
F(x)= i (;jAkXk, A,#O, F(x)#x”, 
k=O 
satisfy 
A n-l = 0, q-1 = 0. (9) 
38 DAVID LONDON 
Let all the zeros of F( x) be real and belong to the interval [a, b], and let all 
the zeros of G(x) be real. Form the polynomial 
H(x) = ni2 ( ;)A,B,xk, 
k=O 
(10) 
and let y be a real zero of H(x). Then y = - ap, where a E (a, b) and p is a 
zero of G(x). 
Pioof. As A,, B, # 0, we may assume that the polynomials are normal- 
ized so that 
A,=l, B,=l. 
By (7) and (9), 0 E (a, b), and so the theorem holds if y = 0. 
Assume y # 0. From 
(11) 
H(Y)=~~~(~)A,B,Y~=~ 
k=O 
and (9), it follows that 
,i+ ( ;)AkBkyk = y”3 
and so 
k$oiT) AkBkykP” = 1. (12) 
Define now the polynomials f(r) and g(x) by 
f(x)=F(x)= i (:)a,$‘? 
k=O 
g(x) = x”G(-Y/X) _ ’ z ( ;)bkxk. 
(-I)“,‘” - kzo 
(13) 
(14) 
ZEROS OF POLYNOMIALS 39 
From (7), (8), (13), and (14) it follows that 
ak=Ak, k=O,...,n, (15) 
b, = (- l)ka-kB,_,, k=O,...,n. (16) 
Hence, by (9), (ll), (15), and (IS), the conditions (3) and (4) hold. The zeros 
of f(x) are real and belong to the interval [a, b], and, as y and the zeros of 
G(x) are real, the zeros of g(x) are also real. From (14) and (15) it follows 
that 
(f(x>,dx))= i (-lJk( :)a,-,h,= 2 (z)A,B,y'-". 
k=O k=O 
Hence, by (12) 
(17) 
Applying Theorem 1, it follows from (17) that at least one of the following 
holds: (1) f(x) = F(x) = x”; (2) g(x) - 1, i.e., G(x) = x”; (3) g(x) has at least 
one zero which belongs to (a, b). But cases (1) and (2) were excluded when 
introducing F(x) and G(x) in (7) and (8). Hence, case (3) holds. But the zeros 
of g(x) are -y/b,, i=l,..., n, where pi are the zeros of G(x). Hence, for 
some i, -y//?i=a,wherear~(a,b).Thatis,y=-a(YPfor~~(a,b)andPa 
zero of G(X), and the proof is completed. s 
Note that our result applies only to the real zeros of H(x), and that the 
polynomials F(x) and G(x) defining H(x) must have only real zeros and 
satisfy (9). For two general complex polynomials F(x) and G(x) defined by 
(7) and (8), which do not necessarily satisfy the condition (9), there is a 
similar result of Szego [9; 8, Theorem (lS.l)] regarding the (complex) zeros of 
the polynomial G(X) defined by 
(18) 
Theorem 2 follows from Theorem 1 by the same method as SzegB’s result 
follows from Grace’s theorem. 
Using Theorem 2, we obtain the following result. 
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THEOREM 3. Let F(x) and G(x) be defined by (7) and (8) and satisfy 
(9). Let all the zeros of F(x) be real and belong to the interval 1 x 1 G T, let all 
the zeros of G(x) be real and belong to the interval Jx( G s, and let H(r) be 
defined by [lo]. Then all the real zeros of H(x) belong to the interval 1 x I -=c TS. 
Proof By Theorem 2, every real zero y of H(x) is of the form y = - ap, 
where Ial <r and p is a root of G(x). SO I/?[ GS and, as rs#O, the result 
I y I < TS follows. n 
Let F(x) and G(x) be complex polynomials defined by (7) and (8), and let 
ti( x) be defined by (18). If all the zeros of F(x) lie in the circle ) x ) < r and if 
all the zeros of G(x) lie in the circle Ix 1 G s, then, by a theorem of Cohn and 
Egervary [2; 3; 8, Corollary 16, la], all the zeros of G(x) lie in the circle 
1 .z 1 -c KS. If we assume that the above polynomials F(x) and G(x) are real and 
normalized according to (ll), then the last assertion implies 
H(x)>0 for x?rs, 
(-l)“fi(x)>O for x< -rs. 
(19) 
Assume now that in addition to the above conditions F(x) and G(x) have real 
zeros and satisfy (9). That is, F(x) and G(x) are normalized polynomials 
satisfying all the conditions of Theorem 3. Noting that A,_,B,_, > 0 and 
applying Theorem 3, it follows that 
H(x)=@-xx:“>0 for x>rs, 
(-l)“H(x)=(-l)“[fi(x)-x”]>O for x< -rs 
That is, for normalized polynomials F(x) and G(x) satisfying the conditions 
of Theorem 3, the inequalities (19) can be improved to 
G(x) > x” for xBrs, 
(-I)“fi(x)>(-1)“x” for x< -rs. 
Let 
F(x) = G(x) =x4 -2x2 +l. 
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F(x) and G(x) satisfy the conditions of Theorem 3. Here r = s = 1 and 
H(x) =$x2+1. 
As the zeros of H(x) are not real, Theorem 3 does not apply here. However, 
as 6 > 1, this example shows that the theorem of Cohn and Egervary does 
not hold if H(x) is replaced by H(x). 
We derived Theorem 1, which is the key result of this paper, using the 
validity of the van der Waerden conjecture. It would be interesting if one 
could obtain Theorem 1 in a more direct way. 
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